Considering the pore fluid, the energy singular propagation in open-cell anisotropic porous solids is studied with the aim to provide a reference in the energy design and application of porous materials. Firstly, based on Biot's theory, the perturbed eigenvalue problem that arises when the nearly pure modes are propagated is considered. Then, by using the obtained perturbed eigenvalues, the evolution conditions on the elastic parameters of solid skeleton materials are established for the existence of various systems of folds in the wave front. The emphasis is placed on the slow wave, which is particular for the porous material with the pore fluids. The critical conditions for the pattern transformation in the parameter space are given for the first time. Finally, the special situation (zero porosity) is discussed and the comparison with respect to the results for pure solids is made. The results show that the situation in the pure solids is a degenerated case of the present discussion.
Introduction
Along with the further application of porous structures in different fields, such as bioengineering, and tissue engineering (Freyman et al., 2001; Gibson, 2005) , dynamic properties of porous materials filled with fluids attract more and more attentions. Different from the pure solids, the responses of fluid-filled porous materials are not only determined by the characteristics of bulk materials, but also, and even more affected by the micro-geometrical topology and the complex interaction mechanism between the pore phase and the solid skeleton. The accurate description of the dynamic performance of the fluid-filled porous media, which has so complex and irregular distribution of inner structures, has become the key point in the design and further application of porous materials.
Recently, intensive studies about the wave propagation in the fluid-filled porous media have been carried out by using a wide variety of experimental and theoretical techniques. This is not only because of their technological importance, but also because they provide opportunities to obtain the information about the microstructures and the pore phase, such as the properties of the fluids confined in the pores (Beamish et al., 1983) , the pore geometries (Johnson et al., 1987) , the structural information of the porous materials (Warner and Beamish, 1994; Fellah et al., 2004; Padilla et al., 2006) , the relationship between pore space anisotropy and the petrophysical properties (Bensona et al., 2005) . However, as a kind of multi-phase complex materials, natural or man-made porous media show anisotropy more or less (causing by the local bulk matrix or micro-structures of pores). Unlike the isotropic situation, anisotropy would cause wave nonhomogeneous propagation. Bifurcation focusing forms on the wave fronts (Every, 1981 (Every, , 1988 Hurley and Wolfe, 1985) . On the one hand, the multi-values due to focusing on the wave front at certain directions cause the difficulties in the experiment data processing; on the
Background theory
Generally, there are two strategies to obtain the dynamic description of the porous materials: one is from the macromechanics, such as Biot's theory (Biot, 1956a (Biot, ,b, 1962 , mixture theory (Bowen, 1982; de Boer, 1996) ; the other is from the micromechanics, such as homogenization theory (or hyper-mixture theory) (Schrefler, 2002) . In fact, no matter from macroor micro-mechanics, these theories have no essential differences (Li and Li, 1989) . Due to its general and rather fundamental character, Biot's theory has been extended in dealing with different problems (Piekarski and Munro, 1977; Leclaire et al., 1994; Berryman and Wang, 2000; Carcione and Seriani, 2001) . In this paper, Biot's theory is adopted to deal with energy propagation in anisotropic porous materials.
Biot's theory
For a general anisotropic fluid-filled porous media, the equations of motion and the constitutive relation in Lagrange coordinate system, in the absence of body forces, may be expressed as (Biot, 1962) r ij;j ¼ q€ u i þ q f € w i ;
r ij ¼ A ijkl e kl þ M ij n; p ¼ M ij e ij þ Mn; e ij ¼ ðu i;j þ u j;i Þ=2; n ¼ Àw i;i ;
where r ij and e ij are the symmetry stress and strain tensors of the solid skeleton, p the fluid pressure. n ¼ Àdivw is the variation of the fluid content in which w i ¼ /ðU i À u i Þ are the displacements of the fluid relative to the solid frame with / the porosity, u i and U i the components of the average displacements of the solid skeleton and fluid phases, respectively. A ijkl ; M ij and M are elastic parameters of the anisotropic solid skeleton and pore fluid. q ¼ ð1 À /Þq s þ /q f denotes the bulk-fluid mixture density with q s and q f the densities of the solid grain and the pore fluid, respectively. Repeated indices imply summation. The comma stands for the partial derivative with respect to the space variable x i and the upper dot the partial derivative to the time t. m ij and r ij are mass and damping symmetric tensors, which could be expressed in the frequency domain as (Johnson et al., 1987) m ij ðxÞ ¼ Re½T ij ðxÞq f =/; r ij ðxÞ ¼ g=Re½K ij ðxÞ; ð3Þ where g is the viscosity of the fluid, and x the frequency. Re[ ] means the real part of the parameters. The frequency dependent dynamic permeability and tortuosity, K ij and T ij , satisfy the relation (Johnson et al., 1987) :
with i the imaginary unit. For porous materials with pores of simple forms, an asymptotic expression for the dynamic permeability in the general isotropic porous media is presented, which can be extended to the anisotropic situations (Johnson et al., 1987) . By assuming that the main symmetric axis of the solid skeleton and the complex permeability tensor are both along the orthorhombic directions, the dynamic permeability tensor is diagonal and with the elements
where T ðiÞ1 means no summation convention applies on i. S i is the component of the slowness vector S, which is defined as S ¼ n=v.
The expressions for the wave front in anisotropic materials are given in a spherical coordinate system (r; h; u) (Ben-Menahem and Sena, 1990) . Let v j ðh; uÞ defines the phase velocity of wave j in the direction nðsin h cos u; sin h sin u; cos hÞ in the Cartesian coordinate system, which could be obtained from Eq. (8) by substitution of q f T ðiÞ1 d ik =/ for m ik . The components of the wave front are expressed as
The amplitude and direction of the wave front vector, W and ðh g ; u g Þ, are then decided by
It is seen that the expression for the wave front W is miscellaneous. The attempt to make any direct explicit analysis seems hopeless. Fortunately, the polar reciprocal relation between the wave front and the slowness surface allows us to refer to the geometrical properties of the slowness surface, which is simple and single valued, to determine the propagation characteristic of the wave front.
Gaussian curvature
For a surface in the three-dimensional space Xðu; vÞ ¼ XðX 1 ðu; vÞ; X 2 ðu; vÞ; X 3 ðu; vÞÞ, where X i is the components of X and u and v the parameters, its local geometrical property is described by the Gaussian curvature G c , which is the product of two principle curvatures, g 1 and g 2 , at a point on the surface (do Carmo, 1976) ,
where E I ; F I ; G I , and L II ; M II ; N II are the first and second basic parameters of the surface Xðu; vÞ with the form
in which N the unit normal vector of the surface X, and X q ¼ ðoX 1 =oq; oX 2 =oq; oX 3 =oqÞ;
According to the signs of the Gaussian and two principle curvatures, the points on the surface are classified into: elliptic points, if G > 0; hyperbolic points, if G < 0; parabolic points, if G ¼ 0; g 1 6 ¼ 0, or g 2 6 ¼ 0; and planar points, if G ¼ 0, and g 1 ¼ g 2 ¼ 0. Correspondingly, the surface is partitioned into convex region, where both of the principle curvatures g 1 and g 2 are positive; concave region, where g 1 and g 2 are both negative; and saddle region, where Gaussian curvature is negative. Clearly, in a region of the regular surface, elliptical and hyperbolic points occupy two-parameter domain, whereas parabolic points form closed lines, which are known as the parabolic lines, and normally separate a saddle (hyperbolic) domain from a convex or concave domain.
For the slowness surface of the fluid-filled porous material, the sections of positive and negative curvatures are separated by parabolic lines with zero Gaussian curvature. The energy flux along the wave front vector, which is normal to the slowness surface, is inversely proportional to the curvature at that point, that is, the parabolic lines on the slowness surface just mathematically correspond to the caustics on the wave fronts (Every, 1981) . Thus the condition for the existence of the caustics on the wave fronts in fluid-filled porous materials is given as
where G S is the Gaussian curvature of the slowness surface. Combining with Eqs. (10) and (16), the bifurcation condition, which is available for the general anisotropic fluid-filled porous media, is rewritten as 
Perturbed eigenvalues for porous materials
It has been known that the directions of the parabolic points on the slowness surface correspond to the singular directions on the wave front. The study about the pure solids shows that the majority of caustics are located on symmetry planes (Every, 1981) , that is, the singular directions are near the acoustic axes, along which the pure mode wave propagates. Near these singular directions, the slowness surface is relatively flat. A little deviation from the singular directions would cause intense variations on the wave front. As a result, the wave propagation near the acoustic axes is critical in clarification the abundant variation on the wave fronts near the singular directions. Moreover, the measurement of the propagation velocities along the acoustic axes are important, which are helpful in material parameters inversion. But due to all kinds of reasons, the deviation of the real measuring direction from the acoustic axis is hard to avoid. In this section, the nearly pure mode propagation problem is considered firstly with the purpose for the following discussion, and also providing some references in the experimental data processing.
Let us make an assumption that the propagation direction n 1 is a pure mode propagation direction in the material. If a small error has been made between the real propagation direction n 2 and the pure mode direction n 1 , the nearly pure mode propagation problem arises. The perturbed eigenvalues of the system with the wave propagation near the direction n 1 should be obtained.
In order to solve this problem, three coordinate systems are established. One is the material coordinate ff i g, which is given in the bulk material coordinate. The second one is the reference coordinate fy i g, which are chosen by the conditions that y 3 be the pure mode axis. The third one is the coordinate fw i g, referred as ''misoriented coordinate", which is established by making a small error h between the w 3 axis and the pure mode axis y 3 (Waterman, 1959) . In Section 2, the eigenvalues for the wave propagation along the direction n has been given in the material coordinate ff i g, in Eq. (8). Then, with the help of the reference coordinate fy i g, the perturbed eigenvalues could be solved by two coordinate transformations. The first one is from the direction n in the material coordinate ff i g to the pure mode direction y 3 ; n ¼ ð0; 0; 1Þ, in the reference coordinate fy i g, and then the second one is performed from the pure mode direction y 3 in the reference coordinate fy i g to the perturbed direction w 3 in the misoriented coordinate fw i g.
Shown as Eq. (8), A ijkl and M ik are the material elastic constants described in the material coordinate, ff i g. The first transformation to the coordinate fy i g is performed utilizing the Euler angles. It includes the axis rotation through the angle b about the axis f 3 , following by the angle s about the axis f 2 , and the angle c about the axis f 3 , which is shown in Fig. 1 .
The elastic constants described in the coordinate fy i g and the direction cosines are then expressed as
where
Fig. 1. The diagrammatic sketch for the coordinate transformation from the coordinate ff i g to the coordinate fy i g.
The second transform to the misoriented coordinate fw i g is then performed, which consists of the rotations in the negative sense through the angle u about the axis y 3 , an angle h about the axis y 1 and then a angle u about the axis y 3 , subsequently, which is shown in Fig. 2 . The elastic constants described in the coordinate fw i g and the directional cosines of the transformation are as follows:
By now, Eq. (8) is rewritten in the misoriented coordinate as
where k is the perturbed eigenvalue, and
The four positive roots of Eq. (23), k m ðm ¼ 1; . . . ; 4Þ, correspond to the square of the velocities of wave modes FL, SL, QFL and QSL near the acoustic axes, respectively. Expand Q 3ik3 in a power series in h (Waterman, 1959) , that is
which converges absolutely for all values of h. In the equation, n is an index on the q n ik and an exponent on h, and the summation convention applies. In the same manner, a power series solution is also assumed for the eigenvalues, that is
Substituting Eqs. (24) and (25) 
Critical conditions for focusing pattern evolution
In the research about the propagation characteristic of wave fronts, the ordinary treatment is to analyze the bifurcation condition of a certain material by choosing the propagation direction as the controlling parameter. So when the material is changed, repeated calculation must be made. In fact, along with the variation of the material elastic constants, the propagation of the wave fronts displays definite rules (Liu et al., 2007a,b) . In order to establish the relation between the material elastic constants and the propagation characteristic of wave fronts, except for the propagation an- gles, the elastic parameters also should be chosen as the controlling variables (Every, 1981) . This treatment provides the possibility to discuss the focusing pattern and its evolution in the parameter spaces, which is just important in examination the relative intensities and origination of the intricate focusing patterns in more detail.
However, the porous materials exist in different forms in the world, from the rocks to the human skeleton, as well as all kinds of man-made materials, their parameters scatter in a wide range. How to grasp the basic propagation properties of the energy flux in porous materials with so widespread parameters is a perplexing problem. The study about the pure solids shows that though the anisotropy intensity causes abundant focusing characteristics, the basic patterns are almost not changed. The focusing patterns of all the real crystals to date can be traced to some unifying topology (Every, 1988) . The study about the focusing in the simple anisotropic material (such as material with cubic symmetry) is helpful in clarification the intrinsic rules in more complex situations. Moreover, various of synthetic porous materials, such as porous NiTi (Rhalmi et al., 1999) , Kelvin foam and various monodisperse TCP foams (Weaire and Phelan, 1994; Kraynik and Reinelt, 1996) , porous benzene-silica hybrid powders (Goletto et al., 2002) , porous mesostructured zirconium oxophosphate (Kleitz et al., 2002) , and different kinds of porous materials with structures (Michalska and Pecherski, 2003) , display cubic symmetry. And some studies about the properties of porous materials with cubic symmetry have been carried out (Saeger et al., 1995; McElwain et al., 2006) . As a result, in this paper, the energy flux nonlinear propagation in porous materials with cubic symmetry are investigated with the purpose to disclose the intrinsic evolution rules of the energy flux focusing in the fluid-filled porous materials, and also provide some references in the further experiments. Maybe these adopted parameters in the calculation do not correspond to a certain material, but the real elastic parameters for the fluid-filled porous media should be included in the discussion range.
Material parameters
For the fluid-filled porous materials with cubic symmetry, there are five elastic constants: A 11 , A 12 , and A 44 for the solid skeleton, and M 1 , M for the fluid (Carcione, 2007) . They could be expressed as the functions of the elastic moduli of the solid skeleton, C 11 ; C 12 , and C 44 , the bulk modulus of the homogenous isotropic constitute of the solid grains, K s , and the modulus of the pore fluids, K f (Simon et al., 1984) , that is
Considering that the present work is mainly concentrated on the wave singular propagation caused by the anisotropy of the solid skeleton, the ratio between the fluid-reinforced solid skeleton elastic constants, v 1 ¼ A 11 =A 44 and v 2 ¼ A 12 =A 44 , the colatitude degree h and the longitude degree u are chosen as the controlling variables. Combined with the two independent variables x and y, all possible caustic classes have been included (Arnold et al., 1999) . It is also obvious that
2 M=C 44 where b 1 ¼ C 11 =C 44 and b 2 ¼ C 12 =C 44 , which is usually defined as the anisotropy ratio in pure cubic solids (Every, 1981) . 
Formulation of critical conditions
Liu et al. (2007a,b) systematically analyzed the topology evolution on the wave fronts. In order to illustrate the evolution of the folds in the space, in this section, the tri-dimensional topologies of slowness surfaces with marked parabolic and hyperbolic points are re-plotted in the first and fourth quadrants. Along with the disturbance of the controlling parameters, distinct stages are easy to discern in the process of the gradual departure from the isotropic line D ¼ 0, which companies with the sign changes of the Gaussian curvatures of points on the slowness surfaces. It is known that in a symmetry plane, the directions of the two principal curvatures of the slowness surface lie in, and perpendicular to, this plane. And if the plane contains the z axis, then the two curvatures are proportional, respectively, to (Every, 1981) oh g oh and sin h g sin h
where ðh g ; u g Þ the direction of the wave front vector. Since the sign changes of the Gaussian curvature indicates the existence of the new fold system, the critical conditions for the focusing pattern transformation are given by oh g oh ¼ 0 and
Here the detailed focusing patterns on the wave fronts are no longer given any more. For quasi-transverse wave modes, please refer to Hurley and Wolfe (1985) . For slow wave mode, please refer to Liu et al. (2007a,b 
The critical conditions are then determined. They are represented by the lines in Fig. 3 , which are marked as line A to line K subsequently. These lines signal the changes of the sign of the Gaussian curvature and the appearance of a new feature. In the following, according to the values of D ¼ v 1 À v 2 À 2, the explicit forms of the critical conditions in different material ranges are given. In order to display the fluid effects, the corresponding values for controlling parameters given in Hurley and Wolfe (1985) are also adopted in the present numerical calculation, and a comparison for the energy focusing pattern on the transverse wave fronts has been made. In the plotting, we have K s ¼ 35 GPa, K f ¼ 2:5 GPa,
Moreover, m TðiÞ has the value T 1 q f =/ since the fluid parameter show isotropy when the solid skeleton is with cubic symmetry (Carcione, 2007) . In fact, T 1 is one of the important parameters in expressing the slow wave propagation, especially in relatively rigid porous media (Allard, 1993) . Further detailed discussion about the influence of tortuosity on the energy focusing in fluid-filled porous materials will be given in the forthcoming papers. Here T 1 ¼ 1 is used in the calculation under the assumption that the pores are with simple forms (such as tubes) (Johnson et al., 1987) . 
TðiÞ ða 2 þ 2a 3 aÞ; R 3 ¼ a The second one, line B in Fig. 3a , is Fig. 4c . The third critical condition, marked as line C in Fig. 3a , is given as 
which gives out the fifth stage of the QST during the control parameters variation in the parameter space, that is, the lobes around directions [1 0 0] expand and form a continuous region (Fig. 4e) , which is the result of sign changes of the principle curvature transverse to the cube planes near directions [1 0 0].
For wave mode QFT, furrows of saddle curvature running between directions [1 0 0] appear on the slowness surface when the line G, which is determined by Eqs. (30) and (A6), is reached (Fig. 5) , that is 
At that time, the curvature transverse to the plane {1 0 0} is reversed. 
As the control variables gradually decline from the isotropic line, dimples appear on the slowness surface near direction [1 1 1] (Fig. 6a) . When the control parameters cross the line E, given by Eq. (37), furrows begin to radiate from directions [1 0 0] outwards to meet with the depressed regions around the dimples, which are shown in Fig. 6b . Along with the further departure, the in-plane curvature in the plane f 1 1 0g to one side of the directions [1 1 1] changes signs, that is, three concave regions that meet each conical point forms near the direction [1 1 1]. If the anisotropy increases further, the concave islands increasing in size until they almost touch the convex portions of the slowness surface, which is plotted in Fig. 6c .
Near the direction [1 1 0], by using Eq. (A14) and (31), we obtain the critical condition for the wave mode QFT which is given as
TðiÞ =R. The saddle regions form near the directions [1 1 0] when the control parameters cross the line F defined by Eq. (38), which is plotted in Fig. 7a . With the further increase of the anisotropy, the saddle region expands eventually to almost surround the directions [1 1 1], only leaving the droplet-shaped convex islands at the conical points, corresponding to the situation given in Fig. 7b . This process is completed with the results that the folds on the QST and QFT wave fronts attaching to the circle of conical refraction.
Reviewing the critical conditions for the quasi-transverse waves in the fluid-filled porous materials, it is seen that the equations could be divided into two parts: the part resulting from the anisotropy of the solid skeleton, and the part relating to the fluid parameters, which presents the influence of the fluid-solid coupling effects on the focusing pattern evolution. If let the porosity / ¼ 0, according to Biot's assumption that only the connected pores are effective, the governing equations for fluid-filled porous materials are degenerated to those for pure solids. Then we have v 1 ¼ b 1 ; v 2 ¼ b 2 , and R 1 ¼ 0; R 2 ¼ 0 and
The parts relating to the fluid effects in the equations disappear. The critical conditions for the fluid-filled porous materials degenerate to the conditions for the pure solids, which are given sequently in Appendix B. These lines are also plotted in Fig. 3a and b with dot lines. It is obvious that the situation in pure solids is a special case of the fluid-filled porous materials. Comparing the corresponding characteristic surfaces of quasi-transverse waves in porous materials and pure solids (Hurley and Wolfe, 1985) , it is seen that the basic evolution process of folds on the transverse wave fronts are almost the same, except for the variation of the critical values. This indicates that the focusing pattern on the transverse waves is mainly determined by the solid skeleton anisotropy. Fig. 3a and b also shows that the fluid effects have less influence on the pattern transformation of the wave mode QFT and the wave mode QST in the range D > 0. Under this situation, the critical lines for pure solids are still available to identify the patterns in fluid-filled porous materials. As to the wave mode QST in the range D < 0, the fluid effects are dominant and the difference is obvious. The critical lines shift along the positive axis b 2 and the results for the solids could not be referred to determine the pattern transformation in the fluid-filled porous materials any more. Moreover, except for the line D, other critical lines are not sensitive to the variation of the material parameters.
Critical conditions for slow waves
For pure solids with cubic symmetry, the focusing would not form on the compressional waves due to the properties of the algebraic equations. However, for the fluid-filled porous materials, there exist two compressional waves, the fast wave FL and the slow wave SL. For the fast wave, the slowness surface always keeps convex, which means that no caustics would appear on it. As to the slow wave, although it is also a compressional wave, it has lower propagation velocity, which is even smaller than those of the transverse waves. This indicates that the focusing maybe appears on its wave front, which is particular for the fluid-filled porous materials. In the following, the focusing pattern evolution on the slow wave front is discussed. The explicit forms for the critical conditions about v 1 and v 2 are not given any more since the expressions are complex and inconvenient to be further used. Fig. 3c . Along with the departure from isotropic line, the slowness surface of SL wave mode gradually distorted. When the line H is crossed, the saddle area begins to form near the direction [0 1 1], which is plotted in Fig. 8a . This corresponds to the three fold forward to the directions [1 1 1] and is companied with the in-plane curvature changes in the plane {1 0 0} near the directions [1 1 0].
No further significant changes occur before the material parameters are beyond lines I and J that are given by Eq. (40), which is determined according to Eqs. (A13) and (31) This process is displayed in Fig. 8c (41) is given in Fig. 3c by line K. When line K is reached, saddle areas begin to form around the directions [0 0 1], leaving a convex island at this direction (Fig. 9a) . The in-plane curvature in plane {1 0 0} near the directions [1 0 0] changes sign and along with the further departure from this line, the saddle areas extend along the directions of axes and connect with each other at last, which are shown in Fig. 9b .
Analyzing the results above it is seen that in the range D < 0, the solid skeleton anisotropy has great influence on the energy distribution of slow waves. The energy flux first concentrates at the directions [0 1 1]. Along with the increase of the anisotropy of the solid skeleton, the energy focusing gradually shifts to the directions [1 1 1], and at last, congregates around the directions [0 1 1] and [1 1 1]. As to D > 0, the influence of the solid skeleton anisotropy is not so strong, and the focusing pattern is with comparatively simple form. The energy is mainly focused in the axis planes. But just at the axis directions [1 0 0], no energy focusing forms.
Conclusions
The critical pattern transformation conditions, as well as the corresponding topology evolution of the energy focusing on the wave fronts, are systematically investigated for fluid-filled porous materials. Starting from the equations of motion for fluid-filled porous materials, the perturbed phase velocities with nearly pure modes have been formulated. Based on this work, the evolution process of the focusing pattern in the parameter space is discussed. The critical transformation conditions for the fluid-filled porous materials with cubic symmetry are established, which provides direct information about the possible focusing pattern for a certain fluid-filled porous material without having recourse to the detailed calculating. It is seen that for the transverse wave modes, the evolution process of the focusing patterns is almost the same as that for pure solids, but owing to the fluid-solid coupling effects, the critical values are changed. For wave modes QFT and QST in the range D > 0, the fluid effect is weak and the conditions for solids are still available for porous materials. But for QST mode in the range D < 0, the fluid effect is distinct. The results for solids could no longer forecast the pattern transformation in fluid-filled porous materials exactly. The emphasis is placed on the focusing occurred on the slow wave front, which is particular for the fluid-filled porous materials. The critical conditions corresponding to the distinct spatial geometrical topology of slowness surfaces for slow waves are given for the first time. For D < 0, the influence of the solid skeleton anisotropy is notable. The focusing pattern displays complex variations. Along with the increase of the material anisotropy, the energy focusing shifts from directions [0 1 1] to directions [1 1 1], and concentrates around the directions [1 1 1] and [0 1 1] at last. As to the situation D > 0, the influence of the solid skeleton anisotropy is not so strong. The patterns is simple and mainly in the axis planes. But just at the axis directions [1 0 0], no energy flux focusing forms.
The fractional changes in the velocities for the QFT and QST modes are
where 
The fractional changes for the perturbed eigenvalues of FL and SL near these directions are 
The expressions for the fractional changes of perturbed eigenvalues of FL and SL are The fractional changes of eigenvalues for QFT and QST are
